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Introduction 


Having developed the computational tools required, we can now apply them to the 
study of the ‘shape’ of surfaces in E?. 


Section 1 is concerned with a definition of ‘shape’ and makes use of the idea of unit 
normal vector fields. 


The idea behind using normal fields is, we think, a fairly natural one. Imagine 
living on the surface of a cylinder and carrying a unit normal with you from place 
to place. If you move along one of the generating lines then the unit normal will 
always point in the same direction—its rate of change is zero. However, moving 
along one of the cross-section circles causes the unit normal to rotate steadily. 


The rate of change of the normal measures, in some sense, the shape of the surface 
along the path that you follow on the surface. 


Section 2 makes use of the definitions of Section 1 to define curvature for surfaces. 
Since, as the cylinder example suggests, you would expect to experience different 
curvatures when moving in different directions, the curvature is a function not only 
of position on the surface, but also of direction. This section also provides some 
computational techniques. 


Section 3 introduces two measurements of curvature that summarize the shape of 
à surface at each point. They are functions and, therefore, lose the information 
about differences in curvature in different directions. However, they are useful 
general descriptions. 


The main purpose of Section 4 is to provide a range of computational techniques 
based on the partial velocities and their derivatives. In a sense the formulas derived 
correspond to those for curves that were expressed in terms of a’, o" and a". 


The functions 
Ezx, x, F=xy-x, and G=x,-Xp, 
which you have already met, play a central role in the computations. 


Sections 5 and 6 apply the machinery that has been developed to two topics. The 
first is the discussion of particular types of curves in surfaces; the second is to 
surfaces of revolution. 


Finally, Section 7 provides the usual summary. 


Study advice 


The following represents a possible plan for study weeks. 

Week 1 O'Neill, Chapter V, Sections 1 and 2. 

Week 2 O'Neill, Chapter V, Section 3 and TMAO03. 

Week 3 O'Neill, Chapter V, Sections 4 and 5. 

Week 4 O'Neill, Chapter V, Section 6. 

This leaves two study weeks for the work on three sections of Chapter VI and 


TMA04. Since the fourth week listed above is probably a little light, you may wish 
to start work on TMA04 during that week. 


That is, parallel to the axis 
of the cylinder. 


1 The shape operator 


Read O'Neil, Chapter V, Section 1, pages 189-193. 


The fundamental purpose of this section is to define how ‘shape’ is measured for 
connected surfaces in E?. 


Connectedness is required so that the number of unit normal vector fields is limited. 
On the image of any patch there is always a choice of two unit normal vector fields: 
one in the same direction as 


Xa K Ke 
at each point and the other in the opposite direction. 


If a surface is orientable then there is a non-vanishing normal vector field which 
can be made unit length. The resulting unit normal, together with its negative, 
gives a choice of two unit normals on each connected component of the surface. If. 
the surface has n connected components, then we can define 2" unit normal vector 
fields. 


Limiting ourselves to connected, orientable surfaces simplifies things somewhat. 
The theory developed can then be applied to each connected component of more 
general surfaces. 


Covariant derivative | O'Neill does not give a definition as such, although a def- 
inition is hinted at on page 189. The definition is 


Definition 1.0 


Let V be a vector field defined on a surface M C E? and let Vp be a vector 
tangent to M. Then the covariant derivative Vy, V is defined as 


V(a(t)) (0), 
where œ is any curve in M such that 


a(0) = p, a'(0) = v. 


This definition corresponds exactly to the definition of directional derivative on a 
surface. 


Because of the importance of the parameter curves, we shall look at covariant 
derivatives with respect to the partial velocities. 


Suppose, then, that M C E? is a surface and that x is a parametrization of M (or 
part of it). Let V be a vector field defined on the image of x. We want to calculate 


Vx, V and Vx,V. 
We tackle them in turn. 


The definition requires a curve with velocity xu, the obvious one to take is the 
u-parameter curve. To be quite explicit, we shall calculate 


Vx, V 
at the point 

p = x(uo, vo). 
We define a by 


a(t) = x(uo + t, vo). 


We proved this result earlier. 


The partial velocities form a 
basis for the tangent space at 
each point. 


Since 
a' (t) = Xu (uo + t, vo) x 1 + xv(uo -F,vo) x 0 (chain rule) 
= Xu(uo + t, vo), 
we have 
o'(0) = xu(uo, vo) and also a(0) = x(uo, vo) = p. 


Thus a is a suitable curve to use in the definition of covariant derivative. The 
definition then gives 


Vs, (uo,so) V. = V(a(t)) (0). 
Now V(a(t)) = V (x(uo + t, vo)) and the chain rule then gives 


OV (x(u, v)) 


V(a(t)) = VCD) ug tt, vo) x14 (uo +t, vo) x 0 


Ov 
OV (x 
= AC - t, vo). 
Evaluating at t — 0 shows that 
OV (x(u,v 
Vacu(uo,v0) Y = YD) ag, vo). 
If we express this result in ‘function’ form, we have 
OV (x) 
Va 
Vs. Ou 
Exactly similar arguments show that 
vus PUR. 
ôv 


These two results are of immense importance for doing computations. They also 
provide further confirmation of the principle discussed earlier: that all forms of 
directional derivatives with respect to the partial velocities reduce to 0/Ou and 


0/dv. 


Shape operator The footnote about the reason for the minus sign is questionable, 
if only because there is always a choice of sign for the unit normal! 


Note: The definition of shape operator can be extended to act on vector fields 
(rather than tangent vectors) by the usual pointwise process: 


S(V) opi S(V(p)). 
There is a link between the definition of shape operator and the connection forms 


discussed in Part II. There we summarized the connection equations in matrix form 
as 


Ey Ü wie wiz E, 
Vv | E | = | —w12 0 w | (V) | Es 
Es —Wi3 —w23 0 Es 


for any frame field E1, E» and Es. 
Writing out the last line in full gives 

Vy E3 = -w13E1 — w23 E2. 
Now suppose that we have a frame field defined on a surface such that E, and Ez 
are tangent fields and U = Es is normal. It follows that the shape operator derived 
from U is given by 

S(V) = -WwU 

= wi3(V) Ey + wo3(V) Eo. 


This last equation seems a good reason for the introduction of the minus sign into 
the definition of S! 


Using the connection forms is clumsier than working with the partial velocities for 
surfaces in E?. However, when we consider surfaces independent of E?, we have 
to abandon unit normals because they belong to the surrounding space, not to the 


surface. Then we shall have to make use of connection forms for tangent frame 
fields. 


Example 1.3 In the exercises we ask you to verify, by direct calculation, the 
results discussed in the first and third of these examples. Here we consider the 
plane example. 


Suppose that we have a parametrization 
x: (u,v) H+ x(u, v) 


of a plane P in E?. "Then, since the unit normal vector field U points in a constant 
direction, the coordinate functions of U must be independent of u and v. Hence 


S(Xu) = —Vx, U 
_ OU(K(u,v)) . 
NE EL. 
S(x,) = —Vx,U 
OU (x(u, v)) 
MEE DEL 
"Thus S is the zero operator at all points of P. 


Remark: The appearance of the factor 1/r in the shape operator for the sphere 
should remind you of the appearance of 1/r as the curvature of a circle of radius r. 


Symmetric operators You have probably met 2 x 2 symmetric matrices before. 
Their main property of interest then was that non-singular real, symmetric matrices 
have real eigenvalues and can always be diagonalized by an orthogonal matrix 
(actually by a rotation). 


The same is true of any matrix representing a non-singular, linear transformation 
which has the generalized symmetric property defined in Lemma 1.4. 


Determinant and trace We shall use the trace and determinant of 2 x 2 matrices 
in Section 3. Here we want to mention some properties. 


We shall be concerned with the matrices representing shape operators with respect 
to various bases. Since S is a linear transformation from a two-dimensional space 
to itself, all such matrices are 2 x 2. If A and B are the matrices with respect to 
two different bases, then they are related by 


BPAP 
where P is non-singular. 
It follows that 
det(B) = det(P-! AP) 
= det(P7) det(A) det(P) 
= (det(P))^! det(A) det(P) 
= det(A). 


Thus we may speak of the determinant of the shape operator, rather than of a 
particular matrix representing it. 


The trace of a matrix is the sum of the elements on the leading diagonal and is 
denoted by trace(A). 


What is not at all obvious is that, with the above notation, 
trace(B) = trace( A). 
(You can verify this by straightforward, but tedious, algebra.) 


M101, Block IV. 


"Thus determinant and trace are notions belonging to the shape operator, not to its 
representing matrices. 


The matrix of a shape operator From time to time we shall want to write down 
the the matrix of a shape operator with respect to a particular basis of tangent 
vectors, usually the partial velocities. 


So that there is no danger of writing down the transpose of the correct matrix, we 
discuss the details here. 


Suppose that we have a basis of tangent vectors e; and ez at a point and we have 
calculated the effect of S on them and expressed the results in the form 


S(ei) = ae; + be», 
S(e2) = ce; + deg. 
Suppose that we have a tangent vector 
v = pei + qe» 
at the same point. By the linearity of S, we have 
S(v) = pS(e1) + 45(e2) 
= p(aei + bez) + q(ce; + dez) 
= (pa + qc)e; + (pb + qd)e». 


Expressing the effect of S in terms of the coordinates with respect to e; and eo, we 


have 
p), (ratae 
q pb + qd }? 


which can be achieved by the matrix 


a c 
b d}° 
Note that the coefficients from the images of the basis form the columns of the 


matrix of S. 


This is actually what you have seen before when constructing matrix transforma- 
tions from the knowledge of the images of the basis 


(1,0) and (0,1). 


There is an important result that O'Neill leaves as Exercise 1 in this section. We 
shall want to make use of it, so we prove it here. You may wish to try the exercise 
before reading on. 


Lemma 1.5 


Let M C E? be a surface and let o be a curve in M. If U is the restriction of 
a unit normal vector field on M to a, then 


S(a’) = -U', 


where S is the shape operator derived from U. 


Proof We apply Definition 1.0 from earlier in this commentary. The details are a 
little messy if we are going to be precise. 


Let o/(to) be the velocity at o(t9) on a. Then the curve 2, defined by 
B(s) = a(to +s) 

satisfies 
B(0) = o(to) and (0) = a’ (to). 

By Definition 1.0, we can deduce that 
Varco = (U (8(s))} (0). 


But #(0) = o/(to) and 
(U((5))) (0) = (U (a(t))) (to), 
S(a^)(to) = —Vg(ojU 
= —(U(a(t))) (to). 


Since (U(o(t)))' is, by definition, U’ and since the above calculation holds for all 
values of to, we can deduce that 


S(o^) = -U'. 


The complication in the proof is the need to introduce B in order to apply Defini- 
tion 1.0 directly. 


'The following exercises are concerned with verifying some of the statements in 
Example 1.3. The saddle surface can be dealt with by similar means. 


Exercise 1.1 Let M be the cylinder parametrized by 
x(u, v) — (rcos u, rsin u, v). 
(a) Use the partial velocities to define an outward unit normal vector field, U on 
(b) Let S be the shape operator on M derived from U. Find S(xu(u,v)) and 
S(xv(u, v)). 
(c) Find the matrix representing S with respect to the basis Cas) 
Exercise 1.2 Let © be the sphere of radius r parametrized by 
x(u, v) = (r cos u cos v, r cos usin v, r sin u). 


By following a scheme similar to that for the cylinder in the previous exercise, verify 
the assertion in the text that 


v 
S(v)- E 
on X. 


[Solutions on page 25] 


2 Normal curvature 


Read Oeil, Chapter V, Section 2, pages 195-202. 


Erratum | O'Neill, page 201, in Fig. 5.17, there is a bracket missing. The label for 
the point on the surface should read: 


(x,y, f(z, y)). E 


The main idea introduced in this section is normal curvature. This is the formal- 
ization of the notion discussed earlier that travelling in different directions on a 
surface causes you to experience different curvatures. 


Lemma 2.1 "This is an application of one manifestation of the Leibniz property. It 
will be of great practical importance for the computational techniques in Section 4. 
Note that heavy use is made of the result 


S(a’) = -U' 
that we proved at the end of the last section. 


Definition 2.2 Note that the definition of k restricts its domain to unit tangent 
vectors to M. 


The remarks following the definition link normal curvature to the (Frenet) curvature 
of curves in M. 


The normal curvature function is somewhat unusual, for differential geometry, in 
that it is not linear. It cannot be, since it is defined only on unit vectors. 


However, suppose that vp is non-zero and tangent to M. Then 
v 
u=- 
Iivi] 


is a unit vector and 


k(u) = S(u)-u 


v à d 
E 
M llvil 
1 
= ——~S(v) -(v), 
ME (v): (v) 
by the linearity of S and dot products. 
Thus 
S(v) -v = |IvIPe(u), 


where u is a unit vector in the direction of v. This last equation can be used to 
find the normal curvature in the direction of a given non-unit tangent vector (often 
a partial velocity). 


Example We look algebraically at the saddle surface example in the last para- 
graph of page 198. 


The surface can be covered by the single Monge patch 
x(u,v) = (u, v, uv). 
The partial velocities are 
Xu(u,v) 2(1,0,v) and x,(u,v) = (0,1,u). 
We can construct a unit normal vector field from the partial velocities. This process 
gives 
Xy X Xy 
Md T 
_ (-v,-u,1) 
(o VIF uP Fu? 
In order to find normal curvatures we need to know about the shape operator. As 


usual, we first find its effect on the partial velocities by partial differentiation. The 
details are a little messy, but careful differentiation yields 


OU _ (uv,—(1 + v?), —u) 
ðu (1 + u? + v?)3/2 
OU _(-(1+u?), uv, —v) 
dv — (1 F u? + 0297? 
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It follows that 
aU 


S(Xu) = -u 
(wl +ou) 
= (1 + u? + v2)3/2? 

ðU 


S(x.) = B 


_ (L+u?,—uv, v) 
= (1 + u? + v2)9/2* 
In the special case discussed in O'Neill, we have u = v = 0. Here 
Xu(0,0) = (1,0,0), 
xv(0,0) = (0, 1,0), 
S(xu) = (0, 1,0), 
S(x,) = (1,0, 0). 
Because the partial velocities at the origin are unit length, we have 
k(Xu) = S(xu) - xu 
= (0,1,0)-(1,0,0) 
e, 


k(x») = (1,0,0) - (0, 1,0) 
=0. 
These agree with O'Neill. 


Now consider the direction of the line z — y in the plane z — 0. One vector in this 
direction is 


v = Xu(0,0) + x. (0,0) = (1,1,0) 
and a unit vector in the same direction is 


u 5,0); 


1 
= ee 


By linearity, 


S(u) = Jg G0) + S(x,)) = 710) 
Thus 
k(u) = d 1,0). 2 Hit 0) 
v2 yap? 
zx 
We can look at the direction of y = —z by considering x, — xy. A suitable unit 
vector is 
we -L,-1,0) 
Jae hs 
leading to 
k(w) = —1. 


Principal curvatures and directions In spite of the assertion about being able 
to ‘pick out’ principal directions, one of the course’s aims is to have computational 
tools for finding principal curvatures and directions. 


The proof of Theorem 2.5 is a first-principles proof of the eigenvalue and eigenvector Where we refer to eigenvalues 

properties of symmetric linear transformations on two-dimensional spaces. and eigenvectors, O’Neill 
uses the terms characteristic 
values and characteristic 
vectors. 
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We can summarize the results as follows. At each point of the surface: 
(a) there is an orthonormal basis of eigenvectors of S; 


(b) the eigenvalues of S are the extreme values of the normal curvature at that 
point, that is, they are the principal curvatures at that point; 


(c) the eigenvectors define the principal directions at that point. 


These results tie the shape of the surface to the algebraic properties of the shape 
operator S. 


It is sometimes possible to find the matrix representing S with respect to the 
partial velocities fairly easily. From this matrix, we can calculate the eigenvalues 
and eigenvectors of S quite simply. 


Sometimes the calculation of the matrix is not straightforward. 


We pursue the saddle surface example a little further. From our calculations earlier, 
we can deduce (after some working) that 


1 

Sine (1+u2+ vn uvxu + (1+ v?)x,), 
1 

cin (l+u?+ zyz + u?)x, — uvx,). 


The matrix of S with respect to the partial velocities is, therefore, Here there is scope for 
writing down the transpose 


2 
EUN l +u of the correct matrix. 
(1 +u? + v?)9/2.— (1+u? + v2)3/2 Working with the transpose 
2 would make no difference to 
1243? —uv the determinant, trace or 


eigenvalues but the 
(L+u? 2j? (1+u2+uv2)s/2 eigenvector calculations 


The general expressions for the eigenvalues of this matrix are far from simple! Would be incorrect 
However, at u = v = 0, the matrix reduces to 


(3 3) 


which has eigenvalues 1 and —1. The usual method of finding eigenvectors yields 
(1, 1) and (1, —1) as the coordinates with respect to the partial velocities. Thus the 
principal directions at the origin are in the directions of 


Xu (0,0) + x,(0, 0), 
which agrees with those we obtained earlier. 


Umbilic points Definition 2.4 and Theorem 2.5 can be combined to give a prac- 
tical test for umbilic points. 


The function 
k(u) = ki cos? 9 + ko sin? 0, 


of Corollary 2.6, is a continuous function of 2. Because the eigenvalues kı and ks of 
the shape operator are the maximum and minimum values of a continuous function, 
we can deduce that k(u) is constant if, and only if, 


ky = ko. 


Now, if we have a matrix for S, we can express the condition for the eigenvalue 
equation to have equal roots. Suppose that the matrix is 


a c 
Hes ( b 4) 
Then the eigenvalue equation reduces to 
k? — (a+ d)k + (ad — be) = 0. 


It is rather more revealing to write this in the form 


k? — trace(A) k + det(A) = 0. 
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The quadratic equation formula gives ‘b? = 4ac’ as the condition for equal roots. 
In the case of the above eigenvalue equation, this becomes 


(trace(A))? = 4 x det(A). 
Let us apply this test to the saddle surface example. From the matrix 


—uv 1+u? 
(Luo) (+ u2 + 02)8/2 


A= 
14? —uv 
(+u Ho (14u 4023/2 


—2uv 


trace(A) = dw po 


_ uy? —(1+u?)(1 +07) 
(1+ u? + v2)3 
Thus, a point with parameters (u, v) will be umbilic if, and only if, 
—2uv ge” uv? — (1-- u?)(14- v?) 
(1+ u? + v?)8/2 (14- u? 4 v2)8 è 


Both sides have the same denominator so the condition reduces to 


det(A) 


wy? = uv? — (14+ u?)(1 + v?). 
Since the second term on the right-hand side must be at least 1, there can be no 
solutions. We deduce that the saddle surface has no umbilic points. 
Exercise 2.1 This question concerns the cylinder M parametrized by the mapping 
x(u,v) = (rcosu,rsinu,v), r>0. 
It is a continuation of Exercise 1.1 using the notation and results of that exercise. 


(a) Find the eigenvalues and eigenvectors of the shape operator S and, hence, the 
principal curvatures and directions. 


(b) Does M have any umbilic points? 
(c) Find the normal curvature in the direction of x, + xy. 


Exercise 2.2 O'Neill, page 202, Exercise 3. Note that the curves given can be 
defined by a(t) = x(t, +t”), where x is the parametrization in Exercise 2.1. 


[Solutions on page 25] 


3 Gaussian curvature 


Read O'Neill, Chapter V, Section 3, pages 203-207. 


Erratum | O'Neill, page 204, ninth line and last but one line; page 205, four lines 
from the bottom of the page (first line of the proof) there are occurrences where: 


for Tp(M) read Tp(M). L| 


This section introduces two new definitions, discusses some examples and proves 
the results that will be the basis of some straightforward computational techniques. 


Gaussian and mean curvature We remarked earlier that the determinant and 
trace were the same for all matrices representing a shape operator. Hence Gaussian 
and mean curvatures are well defined. 


Note that both K and H are functions from the surface to R. 


In the examples O'Neill indicates how the sign of K can be deduced by knowing 
the shape (in the intuitive sense) of the surface. Once the link between the formal 
definitions and intuition is established, we usually calculate the K and H functions 
to provide information about a new surface. 


Examples As O'Neill says, we shall check a number of the results in these exam- 
ples once we have efficient methods of calculation. 


In theory what we have already would enable us to calculate K and H for, say, the 
monkey saddle parametrized by 
x(u,v) = (u, v, u(u + V3v)(u — V3v)) 
= (u,v, u(u? — 3v?)). 
In practice, we run into the same difficulties as we did when trying to apply directly 


the Frenet formulas for non-unit speed curves: some of the differentiation becomes 
so involved as to invite errors. 


To illustrate this point, consider the monkey saddle parametrization above. We can 
find the partial velocities: 
Xu = (1,0,3u? — 3v?) 
= (1,0,3(u? — v?)), 
xy = (0,1, —6uv). 
If we construct a unit normal vector field from these, we have 
xy x x, = (-3(u? — v?), 6uv, 1), 
xu x xal]? = 9(u? — v3)? + 36? +1 
= 9(u? +7)? +1 
and so 
Diu sif = (ie = v?), 6uv, 1) 
9(u? + v2)? +1 
Now, finding S(x,) etc. requires the partial derivatives of U. These will be involved 


expressions and it is unlikely to be easy to find the matrix representation of S with 
respect to x, and xy. 


The way out of such problems is similar to that for curves. We shall obtain formulas 
using higher derivatives of the parametrization. 


Lemma 3.4 This result and the remarks following it provide the foundation for 
easier calculations. We shall apply it to the usual special case, where v and w are 
the partial velocities. 


As Lemma 3.4 stands, it is no more use than the attempt above, since S(v) etc. 
still appear, requiring partial differentiation of U. However, as so often, the Leibniz 
property will enable us to simplify things. 


The formulas after the end of the proof of Lemma 3.4 will appear in more memorable 
form later on. 


Gaussian curvature and connection forms In Section 1, we discussed the link 
between the shape operator and the connection forms of a frame field made up of 
two unit tangent vector fields E; and E», together with a unit normal vector field 


U = E, x Es. 
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This simplification is in the 
next section. 


We obtained 

S(V) = -WwU 

= wi3(V) Ey + wo3(V) Eo, 

for any vector field V on the surface. 
If we apply this to E, and E», we obtain 

S(E1) = eis(F1) Ey + w23(£1) Eo, 

S(E2) = wi3(E2) Ex + woa(E2) Eo. 
The matrix of S with respect to E, E» is, therefore, 


[os dd] 
w»3(Ei) w»a(E2)]' 


with determinant 
13( Ey )wo3(B2) — w13(H2)wos(E1) = (w13 ^ w23)(E1, E2). 


We can obtain a further link by considering the second structural equations. In 
matrix form they become 


dw=wAw. 
If we write out the dui» entry in full, we have 


du» = w11 A w12 + 912 À w22 + W13 À Wap 
= 0 A wiz +612 À 0 — w13 A w23 


= —W13 A w23. 

Combining this with our earlier calculations, we see that 

dw 2( £1, E») = —(wig ^ w23)(E1, E2) 

= -K. 

Thus 

K = —dwi2(E1, E2). 
This last equation should be interpreted as 

K(p) = —dwis(£A(p), Ex(p)); 
for each point p on the surface. 


Thus, if we can find independent means of calculating connection forms on a surface, 
then we can calculate Gaussian curvature. 


We shall pursue this line in Part VI. 
Exercise 3.1 O'Neill, page 207, Exercise 1. 


Exercise 3.2 Let M be the saddle surface parametrized by 
x(u, v) = (u,v, uv). 


Use the matrix of the shape operator found in Section 2 to find the Gaussian and 
mean curvatures. 


Does M have any planar points? 

Exercise 3.3 O'Neill, page 207, Exercise 3. (Hint: The notation of Section 2, 
Corollary 2.6 should prove useful.) 

[Solutions on page 26] 


Part II, Section 8. 


This is the second entry of 


the first row of the product. 
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4 Computational techniques 


Read O'neill, Chapter V, Section 4, pages 210-219. 


Errata 
1 O'Neill, page 210, in the third displayed line, the expression for w should read: 


W = Wi Xy + W2Xy. 


2 O'Neill, page 214, in the final display line, the inequalities for K should read: 
1 p 
-5 «€ K «0. 


3 O'Neill, page 218, in the last paragraph and in the diagram, the two occurrences 
of Ty (M) should read: 


Tp(M). u 


The main aim of this section is to provide computationally efficient formulas for 
Gaussian and mean curvature. We shall use the partial velocities to build up such 
formulas. 


Precision and convenience Near the beginning of the reading passage O'Neill 
adopts a rather more precise approach to exactly what the partial velocities are. 
It is worth looking hard at what he is saying and comparing it with what it is 
convenient to assume. 


Let us look at a simple specific example to illustrate what the fuss is about. Consider 
the saddle surface M parametrized by the single proper patch x defined by 


x(u,v) =(u,v,uv), (u,v) € E°. 


As we have observed much earlier, the partial velocities 


Xu(u, v) = (1,0, v) 
x(u, v) = (0,1, u) 


are tangent vectors to M at the point x(u, v) and are the velocity vectors of the 
u-parameter and v-parameter curve passing through that point. 


Thus, xy and x, are functions from the domain of x to the collection of all tangent 
vectors to M. The partial velocities are not, strictly, vector fields on M. Such 
vector fields have domain M, not E?. 


That said, however, there are two vector fields that we can define on M: 


x(u, v) — Xu (u, v), 


x(u, v) — xs (u, v). 


There seems to be little harm in referring to these by the same names as the partial 
velocities, so long as we realize that it is an abuse of notation. (It is similar to 
the abuse involved in not distinguishing between f and f(x) for a function on a 
surface.) 


The discussion above generalizes from the saddle surface to any surface covered by 
a single patch. It also applies whenever there is a parametrization onto the whole 
surface. The case where it cannot automatically be applied is where the surface is 
defined by several overlapping patches. The difficulty is that the partial velocities 
of different, overlapping patches may well not agree on the overlap. 


However, as discussed earlier, the unit normal defined as 
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Part IV, Section 6. 


is well defined, even where patches overlap. There is a small abuse of notation in 
referring to U as a unit normal vector field on the surface, instead of a unit normal 
vector valued function on the domain of x. The abuse amounts to referring to both 


(u, v) 


Xu(u,v) x xy(u, v) 
lu Cu, v) x xu (u, »)]| 


and 
Xy (u, v) x xy(u, v) 
lx Cu, v) x xv(u, v)]l 


as U. Having mentioned that this is abuse, it seems fairly harmless to us! 


x(u, v) + 


Higher derivatives The notation xy, xy, and xy, for the second derivatives is 
consistent with that for partial velocities. 


The functions l,m andn The motivation for introducing these functions stems 
from the expressions for K and H (O'Neill, page 206). In those formulas, expres- 
sions such as 


S(V)-V, SV)-W and S(W)-V 
appear. 


If we apply the formula for K (page 206) to the special case, where V is the vector 
field defined by x, and W corresponds to x,, then we obtain 

S(xu) Xu S(xu)-x, 
Slr) u Sky) Ry 
Ry Ku Ka Xy 
Xv Xu Xy 0 Xy 


l m 
B n 
JE F 
HE 
_ In — m? 
^" EG- F? 


Similar considerations give a formula for H. 


These three new functions, together with E, F and G also appear naturally in a 
simplistic approach to finding matrices of shape operators, which we now indicate. 


Suppose that S is the shape operator derived from a unit normal vector field U. 
Then, at any point on the surface, we have 


S(Xu) = ax, + xy, 
S(x,) = cXu + dxy, 


for suitable coefficients a,b,c,d. We can obtain enough simultaneous linear equa- 
tions to find the coefficients if we take the dot product of both these equations with 
both partial velocities. 


This gives the following equations. 
S(x,) Xu = axy - xy + 0x, - xy, 


S(Xu) - xy = ax, + xy + xy - Xy, 


S(Xv) + xy = CXu + Xy + dx, : Xy, 
S( xy) «x = CXu + Xy F dx, «xy. 


Using the definitions of the various functions, these equations become 


l=aE+0F, 
m=aF +bG, 
m=cE+4+dF, 
n=cF+dG. 
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'The usual methods for solving linear simultaneous equations give 


_ Gl - Fm 
“= EGF? 
ips —Fl-- Gm 

EG- F? ’ 

_ Gm- Fn 
EG- p 
di —Fm + Gn 

EG-F?" 


This gives the following, rather unwieldy, matrix for S. 
Gl — Fm Gm — Fn 
EG — F? EG — F? 
—Fl+Gm —Fm-4 Gn 
EG — F? EG — F? 
Although the matrix is unwieldy, expressions for its trace and determinant are 
relatively straightforward. 
_ Gl - Fm -Fm t Gn —Fl-4- Gm Gm — Fn 


MS) = EG PR EG- F? ~ BG-F? EG P? 
_ (In m?)(EG — F?) 
z (EG — F?)? 
ln — m? 
= XG-F (after some algebra). 
Gl — Fm ; —Fm-4 En 
trace(S) EG-Fi t EG- F3 
A Gl+ En — 2Fm 
EG — F? 


This ‘first principles’ approach yields the same formulas as Corollary 4.1. 


Lemma 4.2 This is the key to making the formulas of Corollary 4.1 usable by 
avoiding the need to calculate partial derivatives of U. 


The proof of the lemma uses three applications of the Leibniz property. 


à 
0 = Ju U x») = Uu Xu +U xvn 


ð 
Oe ay Ux) = Uu -Xy +U -Xw 
ô 
0= A Xe) = Ue XV +U -Xw 
These are then interpreted by using U, = —S(x,) etc. to give 
l= Uo Xtina 


m=U -Xuy 

nz lU xw. 
Example We shall now use these formulas and Lemma 4.2 to pursue the saddle 
surface example. The following provides a little more detail than is given in O'Neill. 


We have already obtained the following. 


Xe = (La), 

Xy = (0,1, u), 

U- (—v, —u, 1) 
NETT 


It follows that 


-" - 2 
BS Xa ky = iq 


FU cx. xu, 


Ga Xy oxy = 1+ us 


EG-F?=(14v?)\(1+u7)—wv? =14u? +07. 


The second derivatives are 


Xuu = (0,0, 0), 
xo: (0507); 
xw, = (0,0,0). 
Hence 
bee Seg 0; 
1 
maT vx Wit? 
n= Ui xy = 0. 
Applying the formulas, we have 
K = In-m? _0-(1/(vV1 +u +2)? | -1 | 
T EG- F? 1+ u? + v? T (1+ u? +) 
y = Git Ena 2Fm _ 0+0- 2(u/ V 1E u* v?) —uv 
T MN4EG-rF? ` 2(1 +u? + v?) 0 (Lu? + v2)8/2" 


These are the same as obtained previously by different methods. 


This example illustrates the benefit of the new methods. Defining a unit normal 
vector field is still required but partial differentiation of this unit normal is replaced 
by differentiating the partial velocities, often a much easier task. 


Should the principal curvatures be required, they can be found as solutions of 
k? - 2Hk 4- K — 0. 
Lemma 4.4 We shall not use this result as much as the previous ones but, for 


completeness, we indicate the ‘routine’ deduction from Lemma 3.4. We suspect 
that O'Neill omitted the proof because of the algebra involved! 


Firstly, we need a unit normal vector field. This is provided by reducing Z to unit 
length: 


Z 
U = —.. 
ZI 
Now we express S(V) and S(W) in terms of Z. 
S(V) = -Vy U 


1 1, 
-—|-VvZ-V al z) 
Ga izi 
(by the Leibniz formula for covariant derivatives). 


Similarly, 


sin =~ (per + | | 2). 


Corollary 3.5 
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Taking the cross product and omitting zeros, we have 


S(V) x S(W) = (WZ x VwZ) 


wi 
AUN V VyZ x Z+V 1 Z x VwZ 
ZI AL H [EH FÉ 


When we take the dot product with Z, the last two terms disappear, so 


+ 


Z-(S(V) x S(W)) = ——Z-(VvZ x VwZ). 


AL 
From Lemma 3.4, we have 
S(V) x S(W) = KV xW 
so, taking the dot product with Z, we have 
Z-(S(V) x SW) 2 KZ-VxW 
= KZ.Z (definition of Z etc.) 
= KIZI. 


FE with the previous result, we have 


y (VvZ x VwZ)- E K||ZIP, 


from which the first result follows. 
The calculations for H are much the same and we omit them. 


Example 4.5 This shows that applying Lemma 4.4 can require some ingenuity in 
the choice of V and W. We shall not make a great deal of use of this technique. 


Patches and parametrizations The final remarks of this section of O'Neill show 
that calculations are much easier if we can find a single parametrization of the 
surface being studied. This will be the case in most of our work. 


Exercise 4.1 O'Neill, page 219, Exercise 2. Note: Subscripts on f denote partial 
differentiation. 


Exercise 4.2 O'Neill, page 219, Exercise 3. 


Exercise 4.3 O'Neill, page 219, Exercise 4. 
[Solutions on page 27] 


5 Special curves 


Read O'Neill, Chapter V, Section 5, pages 223-229. 


Errata 
1 O'Neill, page 224, the tenth line should read: 


*... (unit) principal vectors belonging to... .” 
2 O'Neill, page 228, the second line should read: 
©, S(O) e Oye À E 
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There is a sense in which two of the three types of curve studied here have definitions 
that follow naturally from what has gone before. 


We have singled out the principal directions at a point on a surface as being the 
directions where the normal curvature is extreme. It is not unreasonable, therefore, 
to consider curves that always point in a principal direction at each point on their 
routes. 


Equally, directions in which the normal curvature is zero are of some interest since 
they can occur on surfaces which are most definitely curved in the intuitive sense. 


The third type of curve—geodesics—arise from a different consideration: the search 
for the quickest way to get from one point to another of a surface staying on the 
surface. 


Think about travelling around at constant speed on a surface. Because of the 
curvature of the surface some acceleration normal to the surface is more or less 
inevitable. However, intuitively, any acceleration tangent to the surface represents 
avoidable cornering. Thus, the quickest way to travel from one point to another is 
by a route whose acceleration is always normal to the surface. 


The discussion above is intended as a brief motivation for the three definitions: 5.1, 
5.5 and 5.7. 


"Together with the definitions, O'Neill proves results designed to give usable tests 
to see if a given curve is principal, asymptotic or a geodesic. In practice some of 
the tests are more usable than others. 


Lemma 5.2 As a practical test, U’ being collinear with a’ suffers from the need 
to calculate U'. As we have seen for the saddle surface, this can be sufficiently 
involved to be error-inducing. 


Asymptotic curves The final test in the paragraph following Definition 5.5 is 
more usable than that contained in Lemma 5.2 because it involves the second 
derivative of the curve rather than U’. 


Geodesics The paragraph following the definition can be made to yield a specific 
test if we use the fact that the partial velocities of a patch (or parametrization) 
provide a basis for the tangent plane at each point. Therefore o is a geodesic if, 
and only if, 

al! -Xu = a! x, =0, 
for all points on the route of a. This result is essentially stating that a vector is 
perpendicular to a plane precisely when it is orthogonal to a basis for the plane. 


The tests are summarized on page 229, just before the exercises. Where there is 
more than one test, you only need show that one is satisfied, the tests in any one 
row of the table are equivalent. 


General The search for special curves in a surface usually involves the solution 
of differential equations. To see why, consider a surface M parametrized by x. 
Suppose that 


a = x(aj, a2) 

is acurve in M. 

The chain rule enables o^ and o" to be expressed in terms of 
Xu, Xy, Xuu; Xuv, Xyy 


and the derivatives of a; and a. Thus all the tests discussed in the section can be 
written in terms of differential equations satisfied by the coordinate functions o 
and a3. 


Principal and asymptotic 
curves. 


21 


Example As a simple example, let us apply some of these ideas to the information 
that we have already assembled about the saddle surface M parametrized by 


x(u, v) = (u, v, uv). 


We consider a curve o = x(o,,05) in M and, rather than use the chain rule, we 
use the partial velocities and unit normal vector field already derived. 


On the curve 

(—a2, —01,1) 
Xu(a) = (1,0, a), 
xy(o) = (0,1, a1), 


I ^ + / Hu 
a! = (01,05, 00 + 0405), 


U(a) = 


o" = (a1, o5, aiaz + 2005 + 0105). 

We consider the case where « is asymptotic. Using the test 
U «o =0, 

we obtain, after some algebra, 
2a a, = 0. 


The regularity of œ prevents both the derivatives being zero together. Hence the 
solutions are 


a, = constant or a2 = constant. 


The asymptotic curves in M are, therefore, described by the condition that exactly 
one of the parameters must be held constant; that is, they are the parameter curves. 


This result does correspond to the results obtained previously. We have shown that 
l=U-Xu=0 and n=U-x,, =0. 

But Xuu and xy, are the accelerations of the parameter curves so 
l=n=0 

says precisely that the parameter curves are asymptotic. [| 


This example does illustrate the point about the appearance of differential equa- 
tions. They are not usually as easy to solve! 


Exercise 5.1 O'Neill, page 229, Exercise 1. 
Exercise 5.2 O'Neill, page 230, Exercise 2. (Hint: You may wish to use the 
parametrization 

x(u, v) = ((R+rcosu)cosv,(R+rcosu)sinv,rsinu), R>r>0 
for the torus. You may also wish to use the Monge patch for the saddle surface.) 
Exercise 5.3 Let M C E? be a surface and let a be a unit-speed asymptotic curve 


in M with positive curvature x. Using the usual notation for the Frenet apparatus 
of a show that: 


(a) B is normal to the surface along a; 
(b) S(T) = rN. 
[Solutions on page 27] 
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6 Surfaces of revolution 


Read O'Neill, Chapter V, Section 6, pages 235-242. 


Erratum | O'Neill, page 241, five lines from the bottom, for the expressions given 
for k, and ky, read: 
h’ -1 
kı = — d kr = —. L| 
g c an T ch! 
This section introduces no new ideas but provides some further examples of the use 
of the techniques discussed so far. 


In a sense some of the work is ‘general’ in that it discusses the class of all surfaces 
of revolution. It is, however, at a lower level of generality than much of the theory. 


On the whole O'Neill adopts the pragmatic approach to defining tangent vector 
fields and unit normal vector fields in terms of the partial velocities. 


Whilst it is useful to have formulas for the various curvatures of a general surface of 
revolution, in practice it is often simpler to deal with each case using the standard 
computational methods of Section 4. 


One factor that appears in most of the formulas is the square of the speed of the 
profile curve: 


Bag? +h”. 


If it is possible to arrange a unit-speed parametrization of the profile curve, then 
these formulas are simplified considerably. 


Orthogonal parametrizations There is a more general point that arises from the 
discussion of surfaces of revolution. 


A number of simplifications in the calculations arise because the partial velocities 
are orthogonal, that is, 


Pmxy oxy 0: 

The most obvious simplification is in the term 
EG-F 

which appears in the formulas for both K and H. 


A slightly less obvious one is that the partial velocities can be used to construct a 
frame field on the surface by using: 


X Xu 
Ei Re Lm 
lxull VE 
EE - Xy 
~ [ell ^ VG’ 
U = E x Ez. 


The benefit from this is that, should you want the matrix of the shape operator 
with respect to this basis, the coefficients can be obtained by applying orthonormal 
expansion to S(E1) and S(E2). 


Note: It is true that the meridians and parallels of a surface of revolution are 
always principal, this is not true for general orthogonal parametrizations. 


5 


We have discussed the abuse 
of notation embodied in this 
approach at several points in 


the course. 


O'Neill, top of page 235. 
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Exercise 6.1 Let M be the surface of revolution obtained by rotating the *half 
ellipse’ 
——-—1, y>0, a>b>0 
about the z-axis. 
(a) Use the parametrization of the profile curve 
a(u) =(acosu,bsinu), 0«u«m 


to calculate the Gaussian curvature function on M. 


(b) As defined, M is not a closed surface since the points (+a,0,0) are missing. 
The parametrization may safely be extended to include these points for reasons 
that O'Neill discussed in an exercise in Chapter IV. 


If we do this extension, what are the maximum and minimum values of the 


Gaussian curvature and where do these extreme values occur? 


Exercise 6.2 Complete the investigation of surfaces of revolution with constant 
Gaussian curvature by considering the case K = 0. The methods used in Exam- 
ples 6.5 and 6.6 of O'Neill can be adapted to this case. 


[Solutions on page 28] 


7 Summary 


Read O'neill, Chapter V, Section 7, page 244. 


We have made the basic definitions for measuring the shape of a surface and devel- 
oped methods of computing the various functions. 


The partial velocities have played a central role in this work. We have made very 
heavy use of the principle that all forms of directional derivative with respect to the 
partial velocities reduce to partial differentiation with respect to the parameters u 
and v. 


The functions 


E,F,G,l,m,n 
have enabled us to prove the concise formulas 
ln — m? Gl+ En — 2Fm 
K= d H= ——————— 
"EG M X(EG — F?) 


for the Gaussian and mean curvature functions. 
The principal curvatures can be calculated as the solutions of the quadratic equation 
k? -2Hk +K =0 


to give 


kijko=HtVH?-K. 


We have also discussed the link between the shape operator as a linear transfor- 
mation on each tangent plane and the various curvature functions, and that the 
determinant, eigenvectors and eigenvalues of the shape operators all have geometric 
significance. 


Solutions to the exercises 


Solution 1.1 Next we calculate the values of S(x.), etc. 
(a) We calculate the partial derivatives and then use S(xu) = -V&,U 
their cross product to define U. To save space, we ... 0U(x(u, v)) 
suppress the parameters u and v. E Em 
zx zat ð r n 
Xu = (—r sin u, r cos u, 0), = — Fy (cos "cos v, cos usin v, sin u) 
xv = (0,0,1), e een 
. = —(- sin u cos v, — sin usin v, cos u) 
Xy X Xy = (r cos u, r sin u, 0). 1 
|[x« x xa l|? = 7? (cos? u + sin? u) = —7Xu(u, v) + 0x» (u,v). 
=r’. Similarly, 
U(x(u, v)) = (cos u, sin u, 0). S(x,) = —Vx,U 
There is only one other possible choice for U, the - _ 9U (x(u, v)) 
negative of the one given. However, as defined above, U 9v 


i i a " ‘ 
does point outward from the surface as required. = — 5, (cos u cos v, cos u sin v, sin u) 
v 


(b) Applying the result in the commentary, we have = -(- cos usin v; cos icos v, 0) 


S(Xu) = - V&,U 1 
OU (x(u, v)) = 0xu(u, v) — 7 Xv (u,v). 
TES ðu It follows that the matrix representing S with respect to 
E — 2 (cos u,sin u,0) the ^w velocities is 
= —(-— sin u, cos u, 0) Ns 0 
— (sin u, — cos u, 0). 0 m. 
A c E T 
Similarly Now suppose that the tangent vector v to X is given by 
S(xv) = —Vx,U 
n v = axy + bx. 
OU (x(u, v)) I - 
REST Then, by linearity, 
E] ( in u,0) S(v) = S(axu + bx.) 
= — (cos u, sin u, 
dv l = aS(xu) + bS (xv) 
= (0,0,0). 
(500. — =a(-*)x.+8(-1)x. 
(c) From the calculations above, we have T r 
al 
S(Xu) = = xu + 0e, => (axu + bxv) 
S(x,) = 0x, + 0x. =-7. 


It follows that the matrix is 


Le 6 
T E Solution 2.1 
0 0 


(a) From Exercise 1 of Section 1 we have that the matrix 


In this case there is no harm done if you do transpose the representing S with respect to the partial velocities is 


matrix! 
1 
=a (0 
L d . 
0 0 
The eigenvalue equation is 
Solution 1.2 


k 
+-=0, 
z H H H Li 
We follow the same steps as above, beginning with the xathesdlutions 
partial velocities. 


$ 
" 5 d kı =—- and k=0. 
X, = r(— sin u cos v, — sin usin v, cos u), r 


X = r(— cos u sin v, cos u cos v, 0), These are the principal curvatures. 
Xu X Xv = r^(— cos? u cos v, — cos? usin v, — sin u cos u) It is clear from the matrix that 
= —1 cos u(cos u cos v, cos usin v, sin u). S(xu) = hx. and S(x»y) = kox,. 
Note that the norm of the cross product is Thus the partial velocities are eigenvectors of S and so 
2 | they define the principal directions at each point. 
r^|cos u| 
(b) Since 


since the vector part abovelis of unit length. 


1 
By comparing this cross product with the T #0, 


parametrization, we see that there can be no umbilic points on M. 
U(x(u, v)) = (cos u cos v, cos usin v, sin u) 


defines an outward unit normal vector field on X. 
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(c) Suppose that u is a unit vector in the required 
direction. Since 
Xu+ Xv = (—r cos u, r sin u, 1) 


and 


xu + xoll = 14 r2, 


we have 


2 
1 
k(u) = | —=—— )  S(xu xi): (xu + xy 
(u) (=) (tu + x0) - (xu + x) 
= uus (S66) + S5) tu +x) 
(linearity of S) 
1 1 
EE "Nm 
(00 r(14 r2) 
X (—rsin u, r cos u, 0) - (—r sin u, r cos u, 1) 
1 2 
n rate ) 
r 
1+72° 


Solution 2.2 

Note that t = 0 corresponds to the point 
x(0, 0) 

of the cylinder. 


We can use the unit normal already found above to 
deduce that the unit normal to the cylinder at t = 0 is 


U (x(0,0)) = (1,0,0). 


The acceleration of the curves can be calculated directly. 


The velocity and acceleration are 

a'(t) = (=r sin t, r cost, tnt”), 

a" (t) = (—r cost, —rsin t, n(n — 1)t^7?), 
Note that, for all such curves, 

o' (0) = (0, r, 0), 
so the assertion about their velocities is correct. 
We have 

a” (0) = (—r, 0, 0) 


if n > 2 and 
a" (0) = (—r, 0, +2) 
ifn = 2. 


In either case 
o" (0) - U(x(0,0)) = —r. 


This completes the proof of the assertion. 


Solution 3.1 

We use the notation of the section of O'Neill. 

At an umbilic point, we have kı = ko. But then 
K=kk =k? > 0. 

Hence, if À < 0 everywhere on the surface, there can be 

no umbilic points on the surface. 


If K <0 on the surface and we know that K > 0 at an 
umbilic point, at such a point we must have K = 0. But 
then 


ky = ko =0. 


Thus any such umbilic point is planar. 


26 


Solution 3.2 
The matrix obtained in Section 2 was 
—uv EX 
(LEa? +o) (14u? F anm 


14? -uv 


(1c? (14u? or 
This has determinant 
u?y? — (1+ v?) + u?) 
1-u? + v2 
-Uta +0) 
Ad (1 +u? + v? 
E 1 
TT ET 
and half the trace is 
—uv 
H= ays 
A planar point is one where kı = k2 = 0 and hence 
K — 0. However, we have seen that 


T NEL: NNUS 
(1+ u2 + v2)? S 


so there can be no planar points. 


Solution 3.3 


(a) Let u and v be two orthogonal unit tangent vectors 
at p. In the notation of Corollary 2.6, these correspond 
to angles of, say, and 9 + 7/2. Now 


cos(Ÿ + 7/2) = cos 9 cos(x/2) — sin 9 sin(7/2) 
= —sin 9, 
sin(9 + 7/2) = sin V cos(/2) + cos 8 sin(v/2) 
= cos 9. 
Hence 
k(u) = kı cos? 9 + kz sin? 9, 
k(v) = ki sin? 9 + kz cos? 9. 
If we add and use cos? 9 + sin? 9 = 1, we obtain 
k(u) + k(v) = 2ki + 2k; 
= 2H(p). 
The result follows. 


Note that the above can also be used to justify the 
passing remark in the question: 


k(u)k(v) = (k? + k2) cos? 9 sin? 9 
+ kiko(cos* 0 + sin* 9) £ K. 
(b) We use 
cos 20 = 2cos? 9 — 1 = 1 — 2sin? 9. 
We have 


2T 27 
Y k(0) dd = f (kı cos? 9 + kz sin? 9) dd 
0 0 


2m 4h k 
= fi (Sos 28 -1)4 2a — cos 0) dó 
U 2 2 


2m 2m 
-14 / dd + "ze | cos 20 dd 
o o 


2 2 
— ki+k kı — kz [5 E 
= 2 xum pe 3 sin 28 B 
= 2x H(p). 


Thus 
1 f? 
5l k(9)dd = H(p). 


Solution 4.1 


This question requires the careful application of the 
various definitions and formulas. Firstly, 


Xu = (1,0, fu), 
Xv = (0,1, fo). 
Thus 
E=1+ fi, 
F= ff 
G-14 fi, 
as asserted. 


We can define a unit normal vector field, as usual, by 
o X. XX. 
|[x« x xe|| 
_ hat 
vA fit fo 
NONE 
W À 
Next, we need l, m and n. Now 
Xuu = (0,0, fuu), 
Xuv = (0,0, fur), 
Xov = (0,0, fuv). 
Hence 


as required. 
The Gaussian and mean curvatures are calculated as 
follows. 
„_ n-m 
K= tG-FF 
(fus fov — fes) /W? 
(1+ fa) + f) - faf 
€ fuufov = dis 
W?(1+ fi + fè) 
_ fuufow — fav 
= ae 
_ Gl+ En - 2Fm 
—.. 2(BG - F?) 
— (A+ fas £2) — 2fufefuv)/W 
2W? 
_ (1+ fe) fuu + (1+ 12) fou — 2fu fo fuv 
2ws Ó 
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Solution 4.2 


(a) From the previous solution, the surface is flat if, and 


only if, K — 0. This means that the requirement is 
fofo — fas = 0. 


(b) The result follows directly by requiring the 
numerator of the expression for H to be zero. 


Solution 4.3 


You may have worked from first principles or used the 
results of the first exercise. We do the latter. 


Here 
f(u, v) = log cos v — log cos u 
sinu 
fuv) = cosu 
= anu; 
filu uy es sinv 
cos v 
= — tan v; 
W =(14 f+ f) 
=1+ tan? u+ tan? v. 


Hence 
fas (u,v) = sec? u, 
fuv(u,v) = 0, 
fow(u,v)2- sec? v. 
Substituting in the formulas 
2 
K = fun = fi 
— sec? usec? v 
ws d 
are (14 fe) fur +(1+ fa) fov — 2 fufofuv 
2ws 
_ (1+tan? v) sec? u — (1+ tan? u) sec? v 
2W3 
sec? v sec? u — sec? usec? v 
2W3 


= 0. 


Hence M is minimal and K is as stated. 


Solution 5.1 


Being an ‘if and only if? proof, this solution is in two 
parts. 


First, assume that a is a straight line in E?. Then 
a” 0. 
Since o" - U = 0, the acceleration of a is (trivially) 
normal to the surface M and so a is a geodesic. 
Also 
o" — 0 x Xy +0 x Xe 


Íor any patch of M and so the acceleration is also tangent 


to M. Thus a is also asymptotic. 


Conversely, suppose that o is geodesic and asymptotic. 


Then o" is simultaneously tangent to and normal to M. 


Hence 
a! = 0 


and a is a straight line in E?. 
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Solution 5.2 


An algebraic approach uses the information assembled, in 
O’Neill’s examples about the torus: 


Xu = (—rsin u cos v, —rsin usin v, r cos u), 
Xv = (—(R + r cos u)sin v, (R + r cos u) cos v, 0), 
U = (cos u cos v, cos usin v,sin u) (outward normal). 


(a) This curve is the parameter curve defined by 
u = m/2. That is 


a(t) = x(v/2,t) 
= (Roost, Rsint,r). 


Thus, on the curve, we have that the velocity is 
Xv(x/2,t) and so 


o' (t) = (—Rsin t, R cost, 0), 
U(a(t)) = (0,0, 1). 


Hence 
o" (t) = (— Rcost, — Rsin t, 0), 
U' — (0,0,0). 
Using the various tests, we have 
U' = 0o, 
Ua" =0, 


U is orthogonal to a”. 
Thus o is principal, from the first test, and the principal 
curvature is zero along the curve. 


From the second test we deduce that œ is asymptotic. 
(This fits with the result that it is principal with 
principal curvature zero.) 

Finally, the last observation shows that a is not geodesic. 
Note: Geometrically, these results accord with 
intuition. The unit normal on the curve points upwards 
from the plane of the curve (which is a circle). The 
acceleration points towards the centre of the circle and is, 
therefore, tangent to the surface. Finally, the unit normal 
is parallel on the curve and so the normal curvature is 
zero along it. (This last sentence meaning that the 
normal curvature in the direction of the tangent to the 
curve is zero.) 


(b) This curve is the parameter curve u = 0. Thus, as 
above, we have 


A(t) = x(0,0), 
B'(t) = (-(R + r)sin t, (R + r) cos t,r), 
U(f(t)) = (cos t, sin t, 0). 
Hence 
B"(t) = (-(R + r)cost, (R4 r)sin t, 0), 
U' = (— sin t, cost, 0). 


Using the various tests, we have 


pu P 
U = ge 
Up" =-(R+r) #0, 
TUM dn 
(ESSE 


Hence £ is principal, with principal curvature 
Buu  —(R-tr) 
8-8" (R+r} 
B 1 
ME TON 
The curve is not asymptotic, but is geodesic. 
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(c) We may apply the same sort of techniques as above 
and in the example in the text. Since 


x(u, v) = (u,v, uv), 
the z-axis can be described as the parameter curve v — 0, 
giving 


a(t) = (t, 0,0). 
Since 
o'(t) = (1,0,0), 


a" (t) = (0,0, 0), 
we can see that the acceleration is (trivially) both 
tangent to and normal to the surface. 


Along o, we have 


irc. o 
Vit?’ 
and so 


" (0, —1, —t) 
= (14 129/27 
Since U' - o' = 0, U' and a’ are orthogonal and so the 
curve is asymptotic. Also, since U' and a’ are not 
collinear, so æ is not principal. Since the acceleration is 
(trivially) a multiple of the unit normal, the curve is 
geodesic. 


Solution 5.3 


We assemble a few preliminary facts. From the Frenet 
formulas, we have that a’ = T and so 


o" =T' =KN. 
(a) Since a is asymptotic, we know that its acceleration 


is tangent to M. Hence, from the remarks above, N is 
tangent to M. 


But, since a is a curve in M, its velocity T is also tangent 
to M. Hence 


B=TxN 
is normal to M. 


(b) Applying the result that, along a curve, the shape 
operator is given by —U’, we have 


S(T) = —B' = -(-rN) =N, 
by using the Frenet formula for B’. 


Solution 6.1 


We can apply the general discussion of surfaces of 
revolution in O’Neill to this case. 


If we set 

g(u) = acos u, 

h(u) = bsin u, 
then we obtain the parametrization 

x(u, v) = (acosu,bsin ucosv,bsin usinv) 0<u<r 
of M. 


(a) We have 

1 " 

g (u) = —asin u, 
n 

g (u) = —a cosu, 

h'(u) = bcos u, 

h" (u) = —bsin u, 

d T h? = a? sin? u + b?’ cos? u, 


gh” — g"h' = ab(sin? u 4- cos? u) 


= ab. 
Hence 
d —g' (gh — g"h!) 
TT 12 1242 
h(g? +h’*) 
a?bsin u 


bsin u(a? sin? u + b? cos? u)? 
= De ANM 
(a? sin? u + b? cos? u)? ` 
(b) From the formula for K above, we can see that It is 
a maximum when the denominator is a minimum and 
vice versa. It is slightly easier to find the extreme values 


of the denominator if we express it in terms of cos u only. 


Since 
a? cos? u + b? sin? u = a? cos? u + b? (1 — cos? u) 
= b + (a? — B*) cos’ u, 
the maximum value of the denominator occurs when 
u = 0 or u = 7 and the minimum when u = z/2. 


Thus the maximum Gaussian curvature is 
2 
K(x(0,v)) = K (x(x, v)) = = 
and occurs for all points with u = 0, i.e. at (+a, 0,0). 


The minimum Gaussian curvature is 
2 
- a 1 
K(x(x/2, v)) = ER 
and occurs for all points on the meridian u — z/2. 


Solution 6.2 


If we assume that the surface has been parametrized in 
such a way that the profile curve is unit speed, that is 
using the ‘canonical’ parametrization, we have 


ET 
K= ; 
h 
We must, therefore, solve K — 0, that is 
-h" =0 


subject to the conditions h > 0 and ||A'|| < 1. 
The general solution of h” = 0 is 
h(t) = at 4- b, 
where a and b are constants. 
Since h’(t) = a, the condition ||A'|| < 1 requires 
lall < 1. 
Next, we apply the formula from page 239 to obtain g. 


id J VIT Gy a 


=f 1—a? dt 
ME 
=uy1- a. 


Thus, the profile curve is 
a(t) = (uy 1 — a?, au + b). 


We can reparametrize this by replacing u by 
u 


to get a profile curve of the form 
(u, cu + d), 
where c and d are constants. 


Thus the profile curves are straight lines and the surfaces 
are parts of cones (if the slope c is not zero) or parts of 
cylinders (if c = 0). 
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